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An efficient solver for the velocity—vorticity form of the Navier—Stokes equations on adaptive Cartesian grids is
presented. The excessive numerical dissipation common to most grid-based Navier—Stokes solvers is avoided by
solving the fluid dynamic equations in vorticity conservation form. Additionally, an adaptive Cartesian solver is
employed to efficiently capture and preserve vorticity on-the-fly as the flow develops. For practical purposes, this
solver would be used in the wake region and coupled with a full Navier-Stokes solver in the near-body region, thus
allowing vorticity to be accurately generated and then convected in the wake region with minimal dissipation. The
adaptive Cartesian framework allows for the rapid evaluation of the velocity field using a fast-summation technique
based on the Cartesian Treecode method. The implementations of both the solution algorithm and velocity
calculation are described in detail. Results are presented for vortex convection applications that show good
agreement with the analytical solution, and the accuracy of the scheme is verified numerically using a series of
increasingly fine grids. Additionally, fully three-dimensional flow in the presence of a vortex ring is investigated and
results are shown to be in very close agreement with published data.

I. Introduction

OMPUTATIONAL fluid dynamics has seen significant

progress in recent years in modeling the underlying flow
physics and complex aerodynamic behavior associated with heli-
copter rotor wakes. Such flows are dominated by unsteady shedding
and interaction of vortical structures, as well as blade-vortex inter-
actions (BVI), which require a sufficiently resolved high-fidelity
calculation in which vortical structures are captured and preserved
for several blade revolutions. Accomplishing this using a traditional
primitive-variable formulation of the Navier—Stokes equations can
be a difficult task, as these formulations are often prone to excessive
numerical dissipation of vortical structures [1].

Velocity-vorticity formulations of the Navier—Stokes equations
are becoming an increasingly popular alternative to the primitive-
variable approach, and have been the recent focus of major research
efforts [2-5]. These so-called Eulerian vorticity transport (EVT)
formulations offer several advantages over primitive-variable
formulations and since they deal with vorticity as the fundamental
conserved quantity, there is inherently less smearing and dissipation
of vortical structures than in a comparable primitive-variable Navier—
Stokes solution. Interestingly, when cast in a noninertial frame, the
EVT formulation has the significant advantage that the noninertial
effects only enter into the solution through the implementation of
initial and boundary conditions [6] Additionally, there are fewer
primary equations in the EVT solution process and the equations
themselves are simpler and involve fewer operations than in Navier—
Stokes solutions. The EVT formulation typically involves a vorticity
transport equation and a Poisson equation relating the velocity field
to the vorticity field. Alternatively, the velocity field could be
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obtained directly from the Cauchy—Riemann equations as dem-
onstrated in Gatski et al. [7] Typically, a solution to the Poisson
equation for the velocity is sought, either using an iterative approach
or an inversion resulting in the Biot—Savart integral representation.
One of the most challenging aspects of the EVT formulation, as
discussed by many researchers [2,7-10], is the proper imple-
mentation of solid wall boundary conditions on vorticity. Physically,
the no-slip boundary condition means that vorticity is generated at
solid walls, so some means of modeling the vorticity generation is
necessary for accurate flow simulation. Furthermore, in the presence
of such numerical boundary conditions, both at solid walls and far-
field boundaries, additional steps must often be taken to ensure that
the Cauchy—Riemann equations are properly satisfied by the
numerical solution. Namely, a solution is sought in which the
predicted velocity field is divergence-free and the predicted vorticity
field is closely approximated by the curl of the predicted velocity
field. More details about this can be found in Davies and Carpenter
[2], Gatski et al. [7,8], Wu et al. [9], and Bertagnolio and Daube [10].

Recently, several different researchers have developed vorticity
transport capabilities for rotorcraft flowfield prediction and vortical
wake modeling. In particular, Brown [3] presented a grid-based
Eulerian formalism for the vorticity equation including a lifting-line
approximation to model vorticity generation from the rotor blades
and fuselage. Using this technique, Brown demonstrated valid
solutions for the blade loading and wake structure for isolated and
interacting rotors in both hover and forward flight. Later, Brown and
Line [4] extended this approach to enable variable resolution using a
hierarchy of nested grid levels, and included a reformulated velocity
calculation based on the fast multipole method (FMM) [11]. More
recently, Stone et al. [5] presented a vortex particle method coupled
with an Eulerian finite difference Navier—Stokes solver using overset
grid communication. This work uses the Navier—Stokes solver for the
near-body region, and the particle solver for the rotor wake region.
Additionally, Stone was able to accelerate the Biot—Savart evaluation
of the velocity field by using graphics processing unit computing
techniques.

This paper describes the development of an Eulerian vorticity
transport solver with adaptive mesh refinement (EVT-AMR) capa-
bilities suitable for Octree-based adaptive Cartesian grids. Unlike
Brown’s approach using nested grid levels, the approach presented
here supports completely local and automatic grid refinement and
coarsening on-the-fly to capture and preserve vortical structures with
high fidelity in the helicopter rotor wake region. In addition, an
efficient approach for the rapid evaluation of the velocity field based
on the Cartesian Treecode method is presented. This new framework
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should offer increased accuracy, as well as a dramatic reduction in
both memory and CPU requirements for the simulation of heavily
vortex-dominated flows. For rotorcraft simulations, the solver
presented here will be used in the rotor wake region and coupled with
a full Navier—Stokes solver in the near-body region, thus allowing
vortical structures to be accurately generated at the rotor blades and
fuselage, and then convected into the wake region with minimal
dissipation. The wall boundary condition difficulties for EVT
mentioned above are completely avoided here since the geometry is
contained in the near-body Navier—Stokes region. Great importance
will be placed on accurate prediction and preservation of vortical
structures for many blade revolutions, including accurate prediction
of blade-vortex interactions (BVI).

The paper is organized as follows. In Sec. II, we present the basic
formulation of the EVI-AMR method. After that, an efficient
approach for evaluation of the velocity field is described in detail in
Sec. III, and the adaptive mesh refinement procedure is outlined in
Sec. IV. Numerical results including accuracy and efficiency studies
for vortex propagation, as well as two- and three-way vortex-merging
problems are presented in Sec. V. In addition, both inviscid and
viscous simulations of 3-D flow in the presence of a vortex ring are
carried out and results are presented that agree very well with pub-
lished data. Finally, some conclusions and a discussion of ongoing
work are summarized in Sec. VI.

II. Finite Volume Formulation on Adaptive
Cartesian Grid

Consider the Navier—Stokes equations written in velocity—
vorticity form
ow

8_—|—V~Va)—co-VV=vV2w (la)
t

on domain  x [0, 7] and 2 C R* with the initial condition
® (x,y,2,0) = wo(x,y,2) (1b)

and appropriate boundary conditions on 9€2. In Eq. (1), x, y, and z are
the Cartesian spatial coordinates and (x, y, z) € 2,1 € [0, T| denotes
time, w is the vorticity vector, V is the velocity vector, and v is the
kinematic viscosity. Domain €2 is discretized into N nonoverlapping,
potentially nonconformal, Cartesian cells, which are organized into a
hierarchical cell-based Quadtree (2-D) or Octree (3-D) data structure
[12]. A stencil showing such an arrangement of cells is shown in
Fig. 1.

The unknowns, or degrees of freedom, are the volume-averaged
components of the vorticity vector at the N cells. Define the cell-
averaged vorticity for cell C; as

1
wiz—/ ® dV; i=1,...,N )
Vile
where ¥ is the volume of C;. Then integrating Eq. (1a) over C;, we

obtain

Yoy L SF —Fy) = (0, TV =0 ()
dt 7

L (/ fo \\)
C,-—(\’ 7/; - \J n/
o B N I

Fig. 1 Stencil showing arrangement of cells in a Quadtree grid. The
current cell is denoted as C;, and the faces bounding C; are denoted asj.
The vectors m; and / are used in the viscous flux formulation (2, points
out of the page).

where F; and Fy, are the inviscid and viscous flux integrals for face j,
respectively, and VV; is the cell-averaged velocity gradient for cell
C;. In the derivation of Eq. (3), the transport term is integrated by
parts, and the flow is assumed to be incompressible. The second term
in Eq. (3) is a sum over all faces bounding C;. To avoid any
ambiguity, the third term in Eq. (3) represents vortex stretching and
has three components: i.e.,

Hw; - Vu)¥s, (o; - Vo)V, (o, - Vwi)JVLi}T

where u;, v;, and w; are the Cartesian components of velocity. The
inviscid flux integral in Eq. (3) necessitates the solution of a Riemann
problem to resolve the distinct states immediately to the left and right
of face j. Here, we employ either the upwind flux, or the Rusanov flux
[13] shown in Eqgs. (4a) and (4b), respectively:

F = {Aij(VL';l), (Vo +Vg)-i>0 (42)
=1 Ajwr(Vg-n), (Vo +Vg)-1<0
A; .1 .
F, gg @ VL'”+§|(VL+VR)’n|
.1 A
+wR|:VR'n_5|(VL+VR)'n|i|} (4b)

where 7 is the outward unit normal vector for C;, A jis the area of face
Jj, and the subscripts L and R denote states immediately to the left and
right of face j, respectively. The left and right states are obtained
using the approach optimized for Octree grids presented in Popinet
[12]. This approach ensures that the spatial discretization is formally
second-order-accurate. The viscous flux at a face f can be expressed
as a function of the flow variables and their gradients:

Fy = vA;(Vd - i) o)

where the gradients V@ are obtained as follows. Let 72, and 1, be
orthogonal unit vectors tangent to the face and let I be the unit vector
connecting the left cell and the right cell of a face, as shown in Fig. 1.
The derivative of a variable in the 711, or 71, direction is obtained from
the cellwise inviscid reconstruction: i.e.,

dw 1 . .
Fr :E(Va)L'ml + Vg - m,) (6)
1
and
ow 1 N N
2 (Vo - ity + Vg - 1iy) @)
2

where Vo, and Vwy, are the gradient in the left and right cells of the
face from the inviscid reconstruction, and w, here and in the
following, is any component of the vorticity vector. Then dw/d! is
calculated from definition: i.e.,

ow Wr — W

- = 8
dl  |rg—r] ®
Finally, V@ is solved from the three equations:
dw dw A~ dw
Vé -y =—, Vo -, =—, Vo-l=— 9
@M= o @M =, wl=5 O

While the above formulation generally involves a matrix inversion,
it becomes greatly simplified for the Octree-based framework
considered here, and a matrix inversion is not necessary. This viscous
flux reconstruction has the advantage of compact support (i.e., using
only data at the two cells sharing the face) and avoids an expensive
separate reconstruction for viscous fluxes.

Rewriting Eq. (3) in terms of the residual operator R(w;), we get

R) =~ Y (B~ Fy) + (0, VW) (10)

L
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For time integration, we employ the second-order-accurate strong
stability-preserving [14] Runge—Kutta scheme as follows:
wV=0"+AR") o""'=H o +o"+ARwD)) 1)
where the time step At is computed by a Courant—Friedrichs—Lewy
(CFL) condition based on the maximum eigenvalue of the inviscid
flux Jacobian.
The differential form of the Biot—Savart relationship

VV=-Vxw (12)

relates the velocity at any point in the flow to the vorticity field. The
solution to Eq. (12) can be written in integral form as

Ve~ [ Kix.y) x o) dy (13)
where
K,(x.y) = —%% (2D) (14a)
or
Kxy) ==Y (D) (14b)

A (x -y + &)

is the Rosenhead—Moore kernel, a regularized form of the Biot—
Savartkernel [15,16], and the domain ¥contains all of the vorticity in
the flow. The exact kernel is recovered by setting the smoothing
parameter § to zero. In the present framework, the velocity is only
evaluated at cell centers. Thus, the Biot—Savart kernel is guaranteed
to be nonsingular and the smoothing parameter § is set to zero for all
cases considered here.

The pressure field is obtained by taking the divergence of the
incompressible momentum equations and using the continuity
equation. This gives a Poisson equation for pressure as

ou\? v 2 ow)?
20— | (%% v i
vo=s|() + () + (5)

dvdu Jwdu Jwdv
+2(£5+ga—z+ga—z)] (15)

where u, v, and w are the velocity components in x, y and z directions,
respectively, and p is the density, which is taken to be constant.

III. Formulation for Efficient Evaluation
of Velocity Field

The most computationally intensive aspect of the solution
procedure given in the previous section is the evaluation of the
velocity field in Eq. (13). This is essentially the classical n-body
problem, which is ubiquitous in the physical and computational
sciences. The simplest, and most naive, method for evaluating
Eq. (13) is the exhaustive summation of every discrete Biot—Savart
interaction present in the entire domain, which results in a
computational cost that is O(n?). This cost is unacceptable for
problems of practical interest, so we seek an alternative method for
evaluating Eq. (13) at reduced cost. Over the past several decades,
several new efficient procedures have been presented that signifi-
cantly reduce the computational cost associated with the
n-body problem. Some relevant approaches are the Treecode
method [17,18], and the FMM [11]. These methods are capable of
reducing the computational cost of the n-body problem from O(n?)
to O(n*log(n)) or O(n). Here, we employ the Cartesian Treecode
method of Lindsay and Krasny [18] because of the potential for
efficient parallelization and scalability over the FMM method. In
addition, the multigrid Poisson solver from Popinet [12] is employed
to solve the differential form of the Biot—Savart law givenin Eq. (12).
The accuracy and efficiency of both methods for evaluating the
velocity field are tested and rigorously compared in subsequent
sections.

In the Treecode method, a hierarchical data structure is necessary
to aid in the computation of the velocity field. A tree structure would
typically need to be created specifically for this purpose, but it turns
out that the tree structure [19] already being used to manage the
computational grid can be readily adapted to serve this purpose as
well, resulting in significant savings. The foundation of the Treecode
method involves replacing the particle-particle interactions custom-
ary to the n-body problem, with a sum of particle-cluster interactions
as in

N,
V)~ Y Y Ki(x,.y) x (@) (16)
c j=1
where ¢ = {y;.j=1,...,N.} denotes a cluster of particles and @ ;

and ¥; are the vorticity and volume associated with y;. To prevent
any ambiguity, a particle in this context just refers to a point at which
the velocity is to be calculated: namely, the centroid of each
computational cell. A schematic of the above arrangement is given in
Fig. 2.

The particle-cluster interaction given in Eq. (16) thus gives the
velocity at point x; induced by the cluster ¢. The interactions are
evaluated using either Taylor approximation or direct summation as
follows. First, referring to Eq. (16), we expand K;(x;, y;) in a Taylor
series with respect to y about the cluster center y,., giving

Jj=1

N, N,
D UKs(xy) < (@) = Y KXy + (¥, — ¥0)) X (@)
j=1
N, 1
=D D DK (X ¥ (3 — Yo X (@ %)
j=1 k"
=Y au(x;,y.) xmy(c) (7
k
where k = (k;, ky, ks), Dk = 0/dy}'dy520y5, k| = ky + ky + k3,

k! = ky 'k ks, and x* = x' x5 x% for k; > 0, subscripts 1-3 refer to
the Cartesian directions,

1
ak(XhYL‘):EDI;KS(XDyc) (18)

is the kth Taylor coefficient of K4(x;,y) aty =Y., and
N,
m(e) =) (¥~ ¥) @¥) (19)
=1

is the kth moment of cluster ¢ about its center y... The approximation
is obtained by truncating the infinite series in Eq. (17):

N,
Z Ks(xi,yj') S (“’j‘ﬁ) ~ Zak(xi’yc) xmy(c) (20)
j=1

[kl<p

where the order p is chosen to ensure that the accuracy of the velocity
calculation is consistent with the formal order of accuracy of the
solver. We refer to the right side of Eq. (20) as a pth-order particle-
cluster approximation, where the error is bounded by the following
multipole acceptance criterion (MAC):
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Fig. 2 Schematic taken from Lindsay and Krasny [18] depicting a
particle x; and a disjoint cluster ¢ = {y;,j = 1,..., N.}; y, is taken as the
geometric center of the box.
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(r/R) <0 (21)

where r the cluster radius, R is the regularized distance between the
particle and the cell center, and 6 is a user-specified empirical
parameter for controlling the error. Note that the Taylor coefficients
are independent of the particles y; in cluster ¢, and the cluster
moments are independent of the particle x;.

These features give rise to an efficient solution algorithm as
discussed below. For each particle x;, the cell tree is traversed starting
at the root and the MAC is computed from Eq. (21). If the MAC is not
satisfied, the recursive tree traversal continues and the MAC is
recomputed. Once the MAC is satisfied, the Taylor coefficients for
|k| < p are computed using the recurrence relation given in
Draghicescu and Draghicescu [20] for 2-D or Lindsay and Krasny
[18] for 3-D. The cluster moments are then computed for |k| < p,
unless they are already available from a previous interaction. When
the moments of a particular cluster c are first computed, they are stored
and used again in subsequent interactions between ¢ and other
particles x;. This procedure concludes with the summation of the
truncated series on the right-hand side of Eq. (20). To save time and
memory, if during the above procedure a cluster contains < N,
particles, the particle-cluster velocity is computed by direct sum-
mation. N, is a user-specified parameter to control both the cost and
accuracy of the Treecode. For additional information on the Treecode,
including a rigorous error analysis and discussion of the scalability in
terms of polynomial order p, refer to Lindsay and Krasny [18].

IV. Adaptive Mesh Refinement

The adaptive mesh refinement strategy employed here is described
in detail in Popinet [12], but we review the procedure here for
completeness. In the first step, all the leaf cells that satisfy a given
criterion are refined. This includes neighboring cells when necessary,
in order to satisfy the neighboring cell depth requirements of the
Octree grid. In the second step, the parent cells of all the leaf cells are
considered, and all of these cells that do not satisfy the refinement
criterion are coarsened. The solution quantities for newly coarsened
cells are computed as volume-weighted averages from their former
children, and for newly created cells the solution quantities are
computed from a linear interpolation using the parent cell value and
its gradients.

The refinement criterion considered here is based on gradients in
vorticity. At each adaptation step, the adaptive cell cost is computed
as the norm of the local vorticity gradient multiplied by the cell size.
Then if the adaptive cell cost exceeds a user-defined maximum
allowable cell cost, the cell is refined. Additionally, the grid will not
be refined past a user-defined maximum refinement level or
maximum number of cells. The computational cost of this algorithm
is small compared to the cost of the velocity calculation. It can be
applied at every time step with a negligible overall penalty of less
than 5% of the total cost, while in practice every 10 or 100 steps is
usually sufficient depending on the application.

V. Results

In this section, the efficient EVT-AMR approach is evaluated for
both 2-D and 3-D inviscid and viscous flow problems. Several test
cases are selected to elucidate both the accuracy and efficiency EVT-
AMR formulation. All cases considered here employ the Rusanov
flux [13] given by Eq. (4b) as the inviscid flux formulation, and all
errors presented are time-step-independent because the time step At
was made small enough so that the errors are dominated by the spatial
discretization.

A. Accuracy Study with Vortex Propagation Problem

To verify that the EVT-AMR method is formally second-order-
accurate, we employ the problem of vortex convection by a uniform
flow. This is a test of the inviscid EVI-AMR approach using the
Treecode method with p =4, and 6 = 0.3 for evaluation of the
velocity field. This case was executed on a machine running LINUX
CentOS 4.4 with a dual core 3.0 GHz AMDG64 Athlon processor and

4 GB memory. The required CPU time for this case is 8.3 s per cell
per time step (two Runge—Kutta stages). The vortex is allowed to
convect until # = 2, and then the vorticity distribution is compared to
the analytical solution. Table 1 shows the L, and L, errors and
orders for this case. As the grid is refined, it is evident that the results
are exceeding second-order accuracy, which is the expected accuracy
of the scheme. To compare the vorticity profiles after a longer time
has passed, this problem is revisited using a periodic domain and
multigrid Poisson solution for evaluation of the velocity field.
Figure 3 shows the final vorticity distribution at y = 0 after one
complete pass compared to the analytical solution on two different
grids. The grids contain 64 x 64 cells and 128 x 128 cells, with
about 8 and 16 cells across the vortex core, respectively. The vortex
core in this study is defined as the distance from the center of the
vortex to the point where the vorticity drops below 10% of its
envelope. It is apparent that 16 cells across the vortex core preserve
the vortex for one pass through a periodic domain.

The performance of the multigrid Poisson solver and Treecode
methods for evaluating the velocity field is now compared by looking
at the CPU time for evaluating a single velocity field for an isotropic
vortex on various grids. Figure 4 shows the results of this study on a
log—log plot with power fits of the data included. For Treecode cases
when p = 0, the performance of the Treecode is comparable to
multigrid for high values of the multipole acceptance criteria (MAC).
The direct sum method scales as O(n?) as expected, while the
multigrid Poisson solver scales as O(n'™), and the best of the
Treecode results scales like O(n'!'!), with n*log(n) scaling like
O(n'9%), in this region. This shows that the Treecode is approaching
the theoretical n*log(n) performance. Although the multigrid
Poisson solver scales slightly better for this case, it should be noted
that when solving the velocity by the Poisson equation given by
Eq. (12), the application of numerical boundary conditions can result
in a violation of the continuity equation, which can spread through-
out the domain if proper steps are not taken. This can be remedied by
using a projection method to ensure a divergence-free velocity field.
Such methods are discussed in Davies and Carpenter [2] in which the
velocity field is represented using a Helmholtz decomposition and
projected onto a divergence-free field. Some details of similar
methods can be found in Gatski et al. [7,8], Wu et al. [9], and
Bertagnolio and Daube [10]. The integral formulation given by
Eq. (13) does not necessitate direct application of boundary condi-
tions, and thus the flowfield remains divergence-free. All subsequent
results presented use the Treecode method for velocity field
evaluation with p = 4, and 6 = 0.3. These parameters were found to
give sufficient accuracy for our application.

B. Two- and Three-Way Vortex Merging Problems

As an additional test case for the inviscid EVT-AMR approach, the
merging of two vortices is considered. This case involves two
Gaussian vortices in close proximity in which the flowfield evolves
solely due to the mutual interaction of the vortices. In this case, we
employ up to 11 levels of local adaptive mesh refinement based on
gradients in vorticity, and use CFL = 0.5 to compute At. The
vorticity contours and computational grids for this case are shown in
Figs. 5 and 6, respectively. The AMR procedure produces highly
resolved flow features at a very low computational cost when
compared to a global refinement strategy, as the grid is automatically
refined locally when more resolution is necessary and coarsened
when less resolution is required.

The problem of three-way vortex merging is also considered,
using similar conditions to the two-way vortex-merging case. Here,

Table 1 L, and L, errors and orders atf =1
for vortex convection problem

Grid L, error L, order L, error L, order
16 x 16 2.05E - 01 e 9.40E + 00 e
32x32 9.13E — 02 1.16 7.45E + 00 0.34
64 x 64 2.46E — 02 1.89 2.42E + 00 1.62

128 x 128 4.78E — 03 2.36 4.50E — 01 243
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Fig. 3 Vorticity distribution aty = 0 after one full cycle: a) 64 x 64 cells (eight cells across vortex core) and b) 128 x 128 cells (16 cells across vortex core).
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Fig. 4 Comparison of CPU times for evaluation of a single velocity field
using the Treecode, multigrid Poisson solver, and direct summation.

three smaller vortices surround a larger central vortex of opposite
sign. This arrangement causes the smaller vortices to orbit the
central vortex and subsequent interactions between the vortices
occur. The vorticity contours and computational grids for this case
are shown in Figs. 7 and 8, respectively. Again, the adaptive mesh
refinement procedure produces highly resolved flow features at a
very low computational cost when compared to a global refinement
strategy.

t=13

t=2.6
Fig. 5 Vorticity contours at various time instances for problem of two
merging Gaussian vortices.

C. Evolution of a Vortex Ring at an Intermediate Reynolds Number

Finally, as a rigorous test of both the inviscid and viscous
formulations of the EVT-AMR approach for fully 3-D flow problems,
we consider the flowfield in the presence of a vortex ring. The initial
geometry of the ring is shown in Fig. 9.

This case involves a single vortex ring at Rer = I'/v = 500. A
ring of radius R and core radius « is initially placed at the y = O plane,
and the core of the ring is represented as

21?2” sin 0) }
a

KT K R> 7

D=L exp{ (a2+a2

where r= /x> +y*+2%, tanf=(vx*+7°)/y, and K=
(2.24182)%/4. The ring has unit circulation I' =1, and the ring
radius taken to be R = 0.1. The core radius is chosen to be a/R =
0.35 to be consistent with that used by Stanaway et al. [21,22]. The
extent of the domain is —1/2 < x <3/2,and —1/2 <y, z < 1/2.
The ring resides in an initially quiescent flow and ultimately induces
a velocity upon itself due to the presence of the vorticity field and
begins moving in the x direction. This case has been studied
extensively by Stanaway et al. [21,22], Wee and Ghoniem [23], and
others, and there is a large amount of published data for use in
assessing the validity of our numerical results.

(22)
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Fig. 6 Computational grid at various time instances for problem of two
merging Gaussian vortices.
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t=0

t=0.083

t=0.25

Fig. 7 Vorticity contours at various times for three-way vortex merging.

t=0
Fig. 8 Computational grid at various times for three-way vortex merging.

A relevant metric often used for assessing the accuracy of a scheme
for vortex ring problems, is the induced velocity at the ring centroid.
The generally accepted definition for the position of the ring centroid
with respect to time was given in Stanaway et al. [21,22] as

l [rxw-1
X=-[| —— 2
2/‘; T rdVv (23)
where
1
I/p== [ rxwdV (24)
2 Jv

is the impulse per unit density, and r is a position vector with respect
to a fixed reference point. Since the computational domain is
assumed to contain all of the vorticity in the flow, the impulse given
by Eq. (23) does not change with time during the simulation. The ring
speed U, is then given by the temporal rate of change of Eq. (23),
which results in

Il frxRw)-1
== ——— 2
U, 2/‘/ T rdv (25)

where R(w) is the finite volume residual given by Eq. (10).

B=n/2 y é=0 plane

>

Fig. 9 Schematic of a vortex ring in spherical coordinates from
Stanaway et al. [21,22] The domain is infinite, where 0 <r < oo,
0 <0 <m,and 0 < ¢ < 27. The cross section indicates lines of constant
vorticity.

t=0.083

t=0.25

We first consider the inviscid EVT formulation and then extend to
the viscous EVT formulation in order to study the significance of
viscosity on the temporal evolution of ring. The results are reported in
the following dimensionless variables, which were also used in
Stanaway et al. [21,22] and Wee and Ghoniem [23]. The dimen-
sionless speed of the vortex ring centroid is given by

(to/p)'?

U =0, 2

(20)

where [, is the initial linear impulse of the ring, and U.. is the speed in
computational units given by Eq. (25). We use CFL = 0.5, and a
dimensionless time, which is scaled as

V2

ti
L/p

and shifted to match the initial time reported in Stanaway et al.
[21.22].

In Fig. 10, the dimensionless speed of the vortex ring centroid is
plotted using both the inviscid and viscous EVT-AMR approaches.
For comparison, the curve reported in Stanaway et al. [21,22] is also
shown. It is evident that the inviscid formulation is unable to predict
the speed of the ring centroid as this problem becomes heavily

i= Q7

4500
[N
’ \R
Yy L
4000 "N e = e p—
N
\\ N
3500 N
I
= N N N
NN
3000 N
~ SR
- = =Inviscid EVT (AMR Level 7) | ™~ g
2500 | — — Viscous EVT (AMR Level 5)| | > SN
— - =Viscous EVT (AMR Level 6) R
Viscous EVT (AMR Level 7) Sk \
+ Stanawayetal. g =]
2000

6.0E-5 7.0‘E-5 8.0E-5 9.0E-5 1.0E-4 1.1E-4 1.2E-4

t
Fig. 10 Speed of the vortex ring centroid versus time. Diamonds
correspond to computational study by Stanaway et al. [21,22], and dots
on the curves correspond to the instances shown in Fig. 11.
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t=6.75e-5 t=7.40e-5

t=8.20e-5

t=9.00e-5 t=10.00e-5

Fig. 11 Vorticity contours at several time instances for viscous EVT (top) and inviscid EVT (bottom). The contours levels for gray lines vary from 3.15 to
31.5, while the contour levels for black lines vary from 31.5 to 315. For lines of the same type, the vorticity varies linearly.

dominated by viscous effects, which effectively slow the ring down
as time progresses. This viscous formulation, on the other hand, is
able to sufficiently predict the speed of the ring centroid and the
results show very close agreement with that predicted in Stanaway
etal. [21,22]. In this study, we present three different mesh refinement
AMR levels 5, 6, and 7, which correspond to 3, 6, and 12 cells across
the vortex core at the finest grid level. The core size is computed as the
distance until the vorticity magnitude drops below 10% of its
envelope. It is interesting to note that although the coarsest results
(AMR level 5) do not match the data vary well, the general trend is
still represented even with only three cells across the vortex core.
‘We also show vorticity contours on the z = 0 plane in Fig. 11, and
isosurfaces in Fig. 12 for this case. We have chosen similar instances

as those reported in Stanaway et al. [21,22] for a better comparison.
The dots on the curves in Fig. 10 correspond to the time instances
shown in Figs. 11 and 12. The change in vorticity between darker
(black) contours is a factor of 10 larger than between lighter (gray)
contours, but the vorticity varies linearly for lines of the same type.
Results for both the inviscid and viscous EVT-AMR approaches
exhibit a wake region of shed vorticity under the vortex ring as it
rises, with the numerical wake in the inviscid results appearing to be
larger than the physical wake in the viscous results, and this
disparity only gets more pronounced as time progresses. Again, the
contours for the viscous EVI-AMR approach agree very favorably
with the results presented in Stanaway et al. [21,22] for all time
instances shown.

t=6.75e-5 t=7.40e-5

t=8.20e-5

t=9.00e-5 t=10.00e-5

Fig. 12 Vorticity isosurfaces at several time instances for viscous EVT (top) and inviscid EVT (bottom). The contour levels presented are the same as in

Fig. 11.
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VI. Conclusions

An efficient Eulerian vorticity transport solver with Octree-based
adaptive mesh refinement capabilities (EVI-AMR) has been
successfully implemented and demonstrated for solutions of the
vorticity transport equation for both inviscid and viscous flows in 2-D
and 3-D. Two different approaches for efficient evaluation of the
velocity field, a multigrid Poisson solver and a Cartesian Treecode
approach, have been developed and evaluated for several test cases
and were shown to be very accurate and efficient. A study of vortex
convection by a uniform flow was carried out and the results
successfully verified the formal second-order accuracy of the EVT-
AMR approach. In addition, both inviscid and viscous simulations of
3-D flow in the presence of a vortex ring were carried out and results
were presented that show very close agreement with published data.
The EVI-AMR capability is currently being coupled to a Navier—
Stokes solver using overset grids to allow accurate vorticity
generation in the near-body region and efficient convection of
vortical structures with minimal dissipation in the wake region for
rotorcraft simulations.
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